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In this paper, we explore the decoherence dynamics of a probing spin coupled to a spin bath,
where the spin bath is given by a controllable 1D transverse-field Ising chain. The 1D transverse-field
Ising chain with free-ends boundary condition is equivalent to a modified Kitaev model with non-
local Majorana bound states in its topological phase. We find that the non-Markovian decoherence
dynamics of the probing spin can manifest the topological structure of the spin chain. By controlling
the external magnetic field on the Ising chain, we find a close relationship between the topological
phase transition and the non-Markovian dynamics in the real-time domain. We also investigate the
corresponding quantum entanglement dynamics in this topological system.
PACS numbers:
I. INTRODUCTION
In condensed matter physics, the transverse-field Ising
model (equivalently the Heisenberg-Ising chain) not only
allows identification of quantum phase transitions [1, 2],
but also has been experimentally realized through the
CoNb2O6 compound [3], trapped ions [4–7], Mott insu-
lator [8], and Rydberg atom [9] etc., and therefore it has
been widely investigated. On the other hand, recent ex-
periments with polar molecules and ion chains provide
a new direction for the dynamics of many-body systems
in the real-time domain. In particular, the transverse-
field Ising model has been revisited in the investigation
of non-equilibrium physics, such as dynamical quantum
phase transition, through the time evolution of observ-
ables in the transverse-field Ising chain under dynamical
quench [10–13], the Loschmidt echo of a probing spin
homogeneously coupled to a transverse-field Ising chain
[14–16], and the decoherence dynamics of a transverse-
field Ising chain coupled to a thermal bath [17, 18]. How-
ever, most of these investigations are mainly considered
for Markov processes, while the dynamics of many open
systems are often non-Markovian dominanted. In this
paper, we shall investigate the real-time non-Markovian
dynamics for a transverse-field Ising model in different
quantum phases with different initial states, through its
coupling to a probing spin.
As it is well known, by Jordan-Wigner transforma-
tion, the transverse-field Ising model can be mapped onto
the Kitaev chain model [19–22]. In the fermionic rep-
resentation, the well-known quantum phase transition
of the model can be understood as a transition from
the weak-pairing BCS regime to the strong-pairing Bose-
Einstein condensate regime [23, 24]. The phase diagram
can be classified according to the topological order [23–
26]. Moreover, the Kitaev model possesses Majorana zero
∗Electronic address: wzhang@mail.ncku.edu.tw
modes (Majorana bound states) non-locally separated at
the two ends of the open chain in the topologically non-
trivial phase. The dynamical behavior of quantum phase
transition in the model must relate topologically to the
non-local property of the Majorana zero modes. How-
ever, the previous studies mainly consider the transverse-
field Ising model with periodic boundary condition where
the Majorana zero modes cannot be manifested. Mean-
while, even though the solution of the transverse-field
Ising model with free-end boundary condition is exactly
solvable, its eigenenergies and eigenfunctions are deter-
mined by a transcendental equation which has not been
analytically solved so far [1, 2, 18].
In this paper, we will modify the transverse-field Ising
model such that the local magnetic field does not apply
to the last spin of the Ising chain. We find that such mod-
ified model can be solved analytically with the free-end
boundary condition for the eigenenergies and eigenfunc-
tions. Moreover, we derive the exact master equation of
a probing spin coupled to the transverse-field Ising model
[27–35]. Through the investigation of non-Markovian
dynamics of the probing spin coupled to this modified
transverse-filed Ising chain, one can probe experimen-
tally, for example with Ramsey interferometry, how the
non-trivial topological properties of the transverse-filed
Ising model can be manifested in the real-time domain.
A great number of papers have been devoted to the
study entanglement close to topological phase transition,
and there have been indications that entanglement is en-
hanced near the quantum critical point [36–39]. We also
numerically explore the non-Markovian dynamics of the
entanglement entropy which shows a diagnostic tool for
the study of topological phase transitions.
The rest of the paper is organized as follows. In Sec. II,
we introduce our modified transverse-field Ising model
and study its topological characterization. In Sec. III,
we derive the exact master equation of a probing spin
couple to the modified transverse-field Ising model us-
ing the path integral approach in the coherent state
representation [27]. In Sec. IV, we analyze in detail
the non-Markovian decoherence dynamics of the probing
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2spin coupled to the modified transverse-field Ising model
by investigating two-time spin-spin correlation functions
in different phases of the spin chain, different spin-spin
chain coupling, different spin-flip energy, and different
initial states. The effects of topologically non-local prop-
erty on the non-Markovian dynamics are also clarified un-
der different conditions. In Sec. V, we solve the dynam-
ics of the entanglement entropy through the exact mas-
ter equation in Sec. III. We also find the close relation-
ships between the dynamical entanglement entropy and
the topological phase transition in the real-time domain.
The relation between the entanglement entropy and the
two-time spin-spin correlation obtained in Sec. IV is also
presented. Finally, a conclusion is given in Sec. VI. The
detailed derivations of the formulas are presented in the
appendices.
II. THE MODIFIED TRANSVERSE-FIELD
ISING MODEL AND ITS TOPOLOGICAL
STRUCTURE
To probe topological structure and dynamical phase
transition through non-Markovian decoherence dynamics
and entanglement entropy in the real-time domain, we
couple a probing spin to a modified 1D transverse-field
Ising chain as shown in Fig. 1. The Hamiltonian of the
system is
H = HA +HI +HB
= −ω0σz0 − ησx0σx1 −
N−1∑
j=1
Jjσ
x
j σ
x
j+1 −
N∑
j=1
hjσ
z
j , (1)
where the first term is the Hamiltonian of the prob-
ing spin σ0, the second term is the coupling between
the probing spin σ0 and the first spin σ1 in the mod-
ified transverse-field Ising chain. The last two terms
are the Hamiltonian of the modified 1D transverse-field
Ising model, which is an N-site spin chain with the near-
est coupling Jj and the local external magnetic field hj
with σx,y,zj being the Pauli matrices. Different from the
previous works on the conventional transverse-field Ising
chain with a period boundary condition, here we set the
transverse-field Ising chain to have a free-end boundary
condition so that its topological features can be presented
on the edges. However, as shown as early by Lieb et
al. [1] and later by Pfeuty [2], although the transverse-
field Ising model with free ends is exactly solvable, its
eigenenergies and eigenfunctions are determined by a
transcendental equation which cannot be solved analyt-
ically. Hence, we modify the model by setting hN = 0,
namely, the local magnetic fields do not apply to the
spin σN at last site. This modification makes the free-
boundary transverse-field Ising chain analytically solv-
able, and meantime the topological structure of the sys-
tem can still be maintained as we will show later. The
spin-flip energy ω0 of the probing spin σ0 and the cou-
pling energy η between σ0 and σ1 are controllable. For
FIG. 1: (Colour online) A schematic diagram of the prob-
ing spin coupled to the modified transverse-field Ising chain
with setting the parameters of the coupling constant and the
external magnetic field as in Eq. (1).
simplicity, we also set Ji = J , hi = h (i = 1, · · · , N − 1).
By applying the Jordan-Wigner transformation
σ+j = (σ
x
j + iσ
y
j )/2 = c
†
j
∏
m<j
e−ipic
†
mcm (2a)
σ−j = (σ
x
j − iσyj )/2 = cj
∏
m<j
eipic
†
mcm (2b)
σzj = 2c
†
jcj − 1, (2c)
the total system can be transformed into a fermionic sys-
tem:
H = −ω0(2a†a− 1)− η(a† − a)(c†1 + c1)
−
N−1∑
j=1
(Jc†jc
†
j+1 + Jc
†
jcj+1 + hc
†
jcj +H.c.). (3)
Here we have ignored a constant term in the above Hamil-
tonian. As it is shown, after the Jordan-Wigner transfor-
mation, the transverse-field Ising chain is reduced to the
Kitaev chain with the same hoping and pairing strengths
[1, 2, 19, 24], except that the on-site chemical potential
of the last site, j = N , vanishes as an effect of the mod-
ification of the model, see Eq. (3). We take further a
Bogoliubov transformation to the spin chain
bk =
N∑
i=1
(ukici + vkic
†
i ) (4a)
b†k =
N∑
i=1
(v∗kici + u
∗
kic
†
i ), (4b)
such that HB is diagonalized,
HB =
∑
k
k(b
†
kbk − bkb†k) (5)
where bk and b
†
k are creation and annihilation operators of
Bogoliubov quasi-particles (bogoliubons) with the spec-
trum
k =

J
√
1 + λ2 − 2λ cos kpiN , k = 1, 2, · · · , N − 1
0, k = k0
,
(6)
3where λ = h/J , and the zero energy mode k0 is deter-
mined by 1 + λ2 − 2λ cos k0piN = 0. The corresponding
wavefunctions for the non-zero energy bogoliubons can
be analytically solved
ukj = Nk
{−J
k
sin
[
(j − 1)kpi
N
]
+
(
1− Jλ
k
)
sin
jkpi
N
}
,
(7a)
vkj = Nk
{−J
k
sin
[
(j − 1)kpi
N
]
−
(
1 +
Jλ
k
)
sin
jkpi
N
}
,
(7b)
and that of the zero-energy bogoliubon is
uk0j =
 Nk0(−λ)
j−1 j < N
Nk0(−λ)N−1 + 1/2 j = N
(8a)
vk0j =
 Nk0(−λ)
j−1 j < N
Nk0(−λ)N−1 − 1/2 j = N
, (8b)
where Nk,Nk0 are the normalization constants which are
given by
Nk =
{
N
[
1 + 2
J2
2k
(
1 + cos
kpi
N
)]}−1/2
(9a)
Nk0 =
1
2
(
1− λ2N
1− λ2
)−1/2
. (9b)
The detailed derivation is given in Appendix A. Thus,
the Hamiltonian of Eq. (1) can be expressed as
H = −ω0(2a†a− 1)−
∑
k
Vk(a
† − a)(b†k + bk)
+
∑
k
k(2b
†
kbk − 1), (10)
with
Vk =

−2ηλ sin kpiN√
N(1 + λ2 − 2λ cos kpiN )
, k = 1, 2, · · · , N − 1
√
2η
(
N−1∑
j=0
λ2j
)−1/2
, k = k0
.
(11)
The above analytical solution, Eq. (6-8), is in fact a
consequence of the modification with hN = 0. In the
case of hN = h, no such analytical solution has been
found in the literature (see Appendix A). Meanwhile, the
modified transverse-field Ising chain has some different
characters from the Kitaev chain. The difference is man-
ifested first in the spectra of the model with and without
setting hN = 0, as shown in Fig. 2(a) and Fig. 2(b),
respectively. The resulting excited state spectra are sim-
ilar for the two cases, but their ground state behavior
FIG. 2: (Colour online) The spectrum for (a) the modified
transverse-field Ising chain (hN = 0) and (b) the ordinary
transverse-field Ising chain (hN = h) with N = 20. The wave-
function distribution of the ground state, |u0,j | (top) and |v0,j |
(bottom) for (c) hN = 0 and (d) hN = h with varying from
the topologically non-trivial phase λ = 0 to the topologically
trivial phase λ = 2.
is very different. The modified model always has zero-
energy states, independent of the value of λ. While the
zero-energy states only exist in the region of λ < 1 for
large N in the ordinary transverse-field Ising chain (or
the equivalent Kitaev chain).
Secondly and more importantly, the wavefunction dis-
tribution of the ground states in the two cases are signif-
icantly different, except for λ = 0 (no transverse field),
as shown in Fig. 2(c1), (c2), (d1) and (d2). Note that the
zero-energy bogoliubon state (k = 0) is two-fold degen-
erate, with the particle number b†0b0 = 0 and 1, respec-
tively. These two states can be described by the left and
right Majorana operators γL = −i(b0 − b†0), γR = b0 + b†0
[19]. Figure 2(c1)-(c2) demonstrates the non-local separa-
tion of the two Majorana zero modes in the topologically
non-trivial phase (λ < 1), distributed asymmetrically in
the two sides of the spin chain. In particular, if λ = 0,
these two Majorana zero modes locate perfectly at end of
the two sides of the spin chain, just the same as that in
Kitaev model [19]. As λ gets increase, only the left Ma-
jorana zero mode wavefunction spreads into other sites,
while the right Majorana zero mode remains unchanged
due to the setting hN = 0, as shown in Fig. 2(c). At
the critical point λc = 1, the left Majorana zero mode
4wavefunction is uniformly distribute over the all sites of
the chain but the right Majorana zero mode still remains
unchanged. However, for the Kitaev chain, the wave-
function of the left and right Majorana zero modes are
symmetrically distributed over the chain for λ < 1, see
Fig. 2(d). By comparing Fig. 2(c) with Fig. 2(d), we find
that the wavefunction distribution of the left Majorana
zero mode are the same for λ < 1 in both cases, but
the wavefunction distribution of the right Majorana zero
mode are very different. When λ > 1, for the modified
transverse-field Ising chain, the wavefunction of the left
Majorana zero mode distributes more on the right-hand
side (r.h.s.) than the left-hand side (l.h.s.). With con-
tinuously increasing λ, the left Majorana zero mode γL
eventually condenses with the right Majorana zero mode
γR to the last site N so that although the Majorana
zero-modes still exist but no longer have the topologi-
cally non-local property. This solution (λ > 1) of the
modified Ising chain is very different from the Kitaev
model in which there exists no longer zero-energy state
for λ > 1, as shown in Fig. 2.
We summarize the above topological properties of the
modified transverse-field Ising chain as follows: the con-
dition hN = 0 makes the right Majorana zero mode al-
ways localize at the end of the r.h.s. of spin chain, inde-
pendent of the value of λ. Meanwhile, the wavefunction
distribution of the left Majorana zero mode changes and
moves from the l.h.s. to the r.h.s. of the spin chain when
the parameter λ changes from λ < 1 to λ > 1, which
results in a topological phase transition at the critical
point λc = 1. This topological phase transition remains
unchanged even in the limit N →∞, because it is the lo-
cal and non-local topological properties of the Majorana
zero mode wavefunctions associated with the ends of the
spin chain rather than its length. In fact, this topological
feature becomes more significant for the larger N , where
the non-locality of Majorana zero modes is manifested
clearer [19]. On the other hand, practically hN may not
be ideally zero, i.e., it may have some small but non-zero
local transverse field hN in experiments. However, a very
small hN only causes a very small tail to the wavefunc-
tion distribution of the right Majorana zero mode over a
couple of sites from the right end of the spin chain. This
small wavefunction tail does not change the above topo-
logical feature, as an evidence of topological protection
from local perturbation [19].
The above topological properties of the zero-energy
states can be understood more comprehensively through
calculating the winding number, which is used to identify
topological phases of matter [24, 26, 40, 41]. To this end,
we rewrite the Hamiltonian of the spin chain in Eq. (10)
in the pseudo spin representation:
HB =
∑
k
(
c†k ck
)
P−1
(
z(k) x(k)
x(k) −z(k)
)
P
(
ck
c†k
)
, (12)
where
P =
(
z(k)−√z2(k) + x2(k) x(k)
z(k) +
√
z2(k) + x2(k) x(k)
)
(13)
and
x(k) = J sin(kpi/N) (14a)
z(k) = J cos(kpi/N)− h+ (h− j)δk,k0 . (14b)
The winding number is defined as the line integral along
a close curve on the z − x plane
W =
1
2pi
∫
c
1
x2 + z2
(zdx− xdz), (15)
as the total number of times that the curve travels
counterclockwise around the origin. Explicit calculation
shows that the winding number W = 1 for λ < 1, which
means that the spin chain is in the topologically non-
trivial phase, while it is in the topologically trivial phase
with W = 0 for λ > 1, although there is still zero-energy
ground state. This demonstrates a topological phase
transition in the modified transverse-field Ising chain as-
sociated with the topological non-local feature, namely, a
transition from the topologically nontrivial phase to the
topologically trivial phase occurs when λ passes through
λc = 1.
In conclusion, the modified transverse-field Ising chain
exhibits a similar topological phase transition as the ordi-
nary transverse-field Ising chain, but the ground state en-
ergy and its wavefunctions behave so different in the two
models. It also demonstrates explicitly that the topol-
ogy of the system is determined by the detailed non-local
properties of the zero-mode wavefunctions, rather than
the system spectra. Because the modified transverse-
field Ising model can be analytically solved explicitly
for both the eigenenergies and eigenwavefunctions, we
can also use it to study the exact decoherence dynam-
ics of the system through its coupling to a probing
spin, which is fully encapsulated in the spectral density
J(ω) ≡ 2pi∑k |Vk|2δ(ωk−ω) = 2piρ(ω)|V (ω|2. Here ρ(ω)
is the density of states of the spin chain that can be deter-
mined from Eq. (6), and V (ω) is the coupling amplitude
of the probing spin coupled to the spin chain that in-
volves explicitly all the eigenwavefunction distributions
of the spin chain as given by Eq. (11). This indicates
that the topological properties of the spin chain can be
experimentally observed from the decoherence dynamics
of the probing spin, as we shall show in the next sections.
III. THE EXACT MASTER EQUATION
The topological properties and topological phase tran-
sition of the modified Ising chain can be explored through
the non-Markovian decoherence dynamics of the probing
spin, which is described by the time evolution of the re-
duced density matrix of the probing spin. The reduced
5density matrix is obtained from the total density matrix
of the probing spin and the spin chain by tracing out all
possible states of the spin chain
ρA(t) = TrB [U(t, t0)ρtot(t0)U
†(t, t0)], (16)
where U(t, t0) = exp[−iH(t − t0)] is the time evolution
operator of the total system. Initially we assume that the
two subsystem (spin σ0 and the spin chain) are decoupled
[42, 43], that is, ρtot(t0) = ρA(t0)⊗ ρB(t0). Then in the
fermionic coherent state representation
〈ξf |ρA(t)|ξ′f 〉
=
∫
dµ(ξ0)dµ(ξ
′
0)〈ξ0|ρA(t0)|ξ′0〉K(ξ∗f , ξ′f , t|ξ0, ξ′∗0 , t0),
(17)
where ξ0, ξ
′∗
0 , ξ
′
f , ξ
∗
f are the eigenvalues of the fermionic
coherent states and are Grassmann numbers. The prop-
agator K(ξ∗f , ξ′f , t|ξ0, ξ′∗0 , t0) is determined by the action
of the probing spin σ0 and the influence functional arose
from the spin chain [42], the later is obtained by inte-
grating out all the degree of freedom of the spin chain
[27–35]. With a tedious derivation (see appendix B), the
exact master equation for the probing spin coupling to
the transverse-field Ising chain is obtained
ρ˙A(t) = −i[(t, t0)a†a, ρA(t)]
+γ(t, t0)[2aρA(t)a
† − a†aρA(t)− ρA(t)a†a]
+γ˜(t, t0)[a
†ρA(t)a− aρA(t)a† + a†aρA(t)
− ρA(t)aa†]
+Λ(t, t0)a
†ρA(t)a† + Λ∗(t, t0)aρA(t)a, (18)
where all the time-dependent coefficients are determined
by the generalized non-equilibrium Green functions in-
corporating the pairing dynamics as follows,
(t, t0) =
i
2
[U˙(t, t0)U
−1(t, t0)−H.c]11, (19a)
γ(t, t0) =− 1
2
[U˙(t, t0)U
−1(t, t0) +H.c]11, (19b)
γ˜(t, t0) =V˙11(t, t)− [U˙(t, t0)U−1(t, t0)V (t, t) +H.c.]11,
(19c)
Λ(t, t0) =− [U˙(t, t0)U−1(t, t0)]12. (19d)
The Green functions U(t, t0) and V (t, t) are 2×2 matrix
and satisfy the integro-differential equations [27–35]
d
dt
U(t, t0)− 2iω0
(
1 0
0 −1
)
U(t, t0)
+
∫ t
t0
G(t, τ)U(τ, t0)dτ = 0 (20a)
V (t, τ) =
∫ τ
t0
dτ1
∫ t
t0
dτ2U(τ, τ1)G˜(τ1, τ2)U
†(t, τ2)
(20b)
with the initial condition U(t0, t0) = I. The integral
memory kernels
G(t, t0) =2 Re[g(t, t0)]
(
1 −1
−1 1
)
(21a)
G˜(t, t0) ={g(t, t0)− 2 Im[gβ(t, t0)]}
(
1 −1
−1 1
)
, (21b)
where
g(t, t0) =
∫
dω
2pi
J(ω)e−iω(t−t0), (22a)
gβ(t, t0) =
∫
dω
2pi
J(ω)f(ω)e−iω(t−t0), (22b)
and f(ω) = [eβ(k−µ) + 1]−1 is the Fermi-Dirac distri-
bution of the spin chain at initial time t0. The spectral
density of the system,
J(ω) ≡ 2pi
∑
k
|Vk|2δ(ω − k) = 2piρ(ω)|V (ω)|2, (23)
where Vk and k are given by Eq. (11) and Eq. (6), re-
spectively. The explicit form is given as follows,
J(ω) =
η2
ω
√
−[ω2/4− J2(1− λ)2][ω2/4− J2(1 + λ)2]
+
 piη
2(1− λ2)δω,0 λ < 1
0 λ ≥ 1
, (24)
in which the last term is contributed from the non-local
Majorana zero modes. Note that when λ ≥ 1, the zero
modes have no contribution to the spectral density be-
cause the zero modes move to the right-hand side of
the spin chain and therefore decouple from the probing
spin. From Eq. (20a) and (21a), it shows that the mem-
ory kernel is determined by the effective spectral density
J (λ, ω) = 2 Re[J(ω)] plotted in Fig 3. Notice that ex-
cept for the case of λ = 1, there is a gap in the middle
of the effective spectral density, which will induce local-
ized bound states and prevent decoherence [31], as we
will discuss in detail in the next section.
FIG. 3: (Colour online) The effective spectral density J (λ, ω)
from the topologically non-trivial phase (λ < 1) to the topo-
logically trivial phase (λ > 1).
6IV. THE EXACT NON-MARKOVIAN
DYNAMICS
A. The analytical solution of the retarded and
correlation Green functions
By coupling the probing spin σ0 with the spin chain
(see Fig. 1), we find that the dynamics of the probing spin
manifest the topological properties of the spin chain. As
one has seen, the renormalized Hamiltonian of the prob-
ing spin and the dissipation and fluctuation coefficients
in its exact master equation Eq. (18) are all determined
by the Green functions U(t, t0) and V (t, t). The solu-
tions of these two Green functions fully depend on the
density of states of the spin chain as well as the coupling
between the probing spin and the spin chain through the
spectral density of Eq. (24). Their physical consequences
can be seen more clearly in the Heisenberg picture. After
the Jordan-Wigner transformation, the dynamics of the
probing spin σ0 is described by the corresponding fermion
operators a(t) and a†(t). Their Heisenberg equation of
motions, after eliminating the degrees of freedom of the
spin chain, lead to
d
dt
a(t)−2iω0a(t)− 2
∫ t
t0
Re[g(t, t0)][a
†(τ)− a(τ)]dτ
=
∑
k
iVk[e
−2iktbk(t0) + e2iktb
†
k(t0)] (25)
which is the generalized quantum Langevin equation [33],
where the third term is a damping and the right-hand
side of the equation is the noise force. Due to the linearity
of Eq. (25), its general solution has the form as(
a(t)
a†(t)
)
= U(t, t0)
(
a(t0)
a†(t0)
)
+
∑
k
Fk(t, t0)
(
bk(t0)
b†k(t0)
)
, (26)
where a(t0), a
†(t0), bk(t0) and b
†
k(t0) are the initial an-
nihilation and creation operators of the probing spin σ0
and the spin chain, respectively.
From Eq. (26), it can easily be shown that
U(t, t0) =
( 〈{a(t), a†(t0)}〉 〈{a(t), a(t0)}〉
〈{a†(t), a†(t0)}〉 〈{a†(t), a(t0)}〉
)
(27)
which is indeed an extension of the usual retarded Green
function incorporating with pairings. The equation of
motion of U(t, t0) is given by the integro-differential
Eq. (20a), which can also be easily justified by substitut-
ing Eq. (26) into the Heisenberg equation of motion (25).
As shown in our previous work [31], the modified Laplace
transform U˜(s) =
∫∞
t0
U(t, t0)e
is(t−t0) of Eq. (20a) is
U˜(s) = i
(
s+ 2ω0 − Σ(s) Σ(s)
Σ(s) s− 2ω0 − Σ(s)
)−1
, (28)
where the self-energy correction Σ(s) is the Laplace
transform of the integral kernel in Eq. (20a)
Σ(s) =
∫
dω
2pi
J (λ, ω)
s− ω
s=ω±i0+−−−−−−→ ∆(λ, ω)∓ i
2
J (λ, ω),
(29)
and ∆(λ, ω) = P ∫ dω2pi J (λ,ω)s−ω is the principal value of
the integral. Applying the inverse transformation to
Eq. (28), we can analytically solve U(t, t0), which con-
sists of a summation of dissipationless oscillations arose
from localized modes (localized bound states) determined
by the real part of the self-energy correction) to the prob-
ing spin, plus nonexponential decays induced by the dis-
continuity of the imaginary part of the self-energy cor-
rection cross the real axes in the complex plane [31]
U(t, t0) =
∑
sp
(
X(sp) Y (sp)
Y (sp) X(−sp)
)
e−isp(t−t0)
+
∫ ∞
−∞
ds
2pi
J (s)e−is(t−t0)
[4ω20 + (2∆(s)− s)s]2 + s2(J (s))2
×
(
(s− 2ω0)2 4ω20 − s2
4ω20 − s2 (s+ 2ω0)2
)
, (30)
where {sp} is the set of the poles for the determinant of
U˜(s) located at the real axis, i.e. s − 2ω0 −∆(sp) = 0,
and
X(s) =
[s− 2ω0 −∆(s)]2
[s− 2ω0 −∆(s)]2 + ∆2(s)−∆′(s)(s− 2ω0)2 ,
(31a)
Y (s) =
∆2(s)
2∆(s)(∆(s)− s) + ∆′(s)(s2 − 4ω20)
. (31b)
Both the dissipationless oscillations arose from the lo-
calized modes (localized bound states) and the non-
exponential decays in Eq. (30) are fully determined by
the spectral density.
On the other hand, {Fk(t, t0)} in Eq. (26) is the noise
source which characterizes the noise force, the right-hand
side of Eq. (25) associated with the initial operators
{bk(t0), b†k(t0)} of the spin chain, and obeys the equation
of the motion:
d
dt
Fk(t, t0)− 2iω0
(
1 0
0 −1
)
Fk(t, t0)
+
∫ t
t0
G(t, τ)Fk(τ, t0)dτ = iVk
(
e−2ikτ e2ikτ
−e−2ikτ −e2ikτ
)
.
(32)
It is easy to find that its general solution is given by
Fk(t, t0) =iVk
∫ t
t0
U(τ, t0)
(
e−2ikτ e2ikτ
−e−2ikτ −e2ikτ
)
dτ,
(33)
7which generates the non-equilibrium correlation Green
function V (t, τ):
V (t, τ)
=
∑
k
〈F †k (τ, t0)
(
b†k(t0)
bk(t0)
)(
bk(t0) b
†
k(t0)
)
Fk(t, t0)〉.
(34)
The non-equilibrium correlation Green function V (t, τ)
describes the particle-hole and particle-particle correla-
tions arose from the fluctuations of the spin chain. Notice
that if the flipping energy of the probing spin σ0 equals
zero (ω0 = 0), then as shown in our previous work [35],
the non-equilibrium Green functions U(t, t0) and V (τ, t)
obey the following identities
U11(t, t0) = U22(t, t0), U12(t, t0) = U21(t, t0),
V11(τ, t) = V22(τ, t) = −V12(τ, t) = −V21(τ, t). (35a)
Thus, the time-dependent dissipation and fluctuation co-
efficients in the master equation Eq. (18) are reduced to
γ(t, t0) = γ˜(t, t0) = −Λ(t, t0) = [U˙(t, t0)U−1(t, t0)]12,
(36)
that are solely determined by the retarded Green function
U(t, t0). As a consequence, the dynamics process will be
independent of the initial state of the spin chain if ω0 = 0.
B. Decoherence dynamics for different phase of the
spin chain
Through the relation between the time-dependent dis-
sipation γ(t, t0), Λ(t, t0) and the fluctuation coefficients
γ˜(t, t0) in the exact master equation and the non-
equilibrium retarded and correlation Green functions,
U(t, t0) and V (t, τ), we can analytically solve the non-
Markovian dynamics of the probing spin σ0, from which
the topological dynamics of the spin chain can be mani-
fested in the real-time domain. As we also discussed ear-
lier, the spin chain undergoes a topological phase transi-
tion from the topologically non-trivial phase to the topo-
logically trivial phase when λ changes across the critical
point λc = 1. To understand the manifestation of the
topological phase transition in terms of the real-time non-
Markovian decoherence dynamics of the probing spin σ0,
we study the two-time spin correlation
〈σz0(t)σz0(t0)〉 =〈4a†(t)a(t)a†(t0)a(t0)〉 − 〈2a†(t)a(t)〉
− 〈2a†(t0)a(t0)〉+ 1 (37)
by varying the value of λ. For simplicity, we first set
ω0 = 0 and η = J . The result of the correlation
〈σz0(t)σz0(t0)〉 with different λ is shown in Fig. 4(a). Fig-
ure 4(a) shows clearly a critical transition at λ = 1. The
two-time correlation keeps oscillation between the posi-
tive and negative value in all the time for λ < 1, while
FIG. 4: (Colour online) (a) A contour plot of the two-time
correlation 〈σz0(t)σz0(t0)〉 by varying the time t and λ for η = J
and ω0 = 0, where s0 = 2J/~. (b) The inverse of the deter-
minant of U˜(s) with different λ. (c) The two-time correlation
〈σz0(t)σz0(t0)〉 with η = J and ω0 = 0 for different values of λ.
although it also oscillates for λ > 1 in the beginning, it
will eventually approach to a stationary value.
To understand the underlying mechanism of this tran-
sition, we plot the real part of the determinant of U˜−1(s)
with different λ in Fig. 4(b), which determines the local-
ized modes of the probing spin. Notice that there are
discontinuous parts (the flat lines) in the function due to
the non-zero values of the imaginary part of U˜−1(s) in
these regions, and the imaginary part is determined by
the spectral density J (s) in Eq. (24). The discontinu-
8ous parts locate exactly in the regions where the spectral
density has non-zero value. As we have discussed ear-
lier, the poles {sp} that make |U˜(sp)|−1 = 0 form the
localized modes and contribute the dissipationless term
in Eq. (30). The locations of these poles are the intersec-
tion points of Re[|U˜(s)|−1] and the horizontal axis with
the spectral density J (s) = 0 (the imaginary part of
|U˜(s)|−1 vanishes). In other words, the different deco-
herence dynamics associated with the topological phase
transition is determined by these different dissipationless-
localized modes.
More specifically, we first consider the case of λ = 0
that the probing spin σ0 is only coupled to the left Ma-
jorana zero mode because it perfectly locates at the left
end of the spin chain, as we have shown in Sec. II. In
this case, there are three localized modes (one pole lo-
cated at 0 and two symmetrically located at the positive
and negative sides, as shown in Fig. 4(b)). Then the en-
ergy keeps exchange between the probing spin σ0 and the
zero-energy bogoliubon of the spin chain through the left
Majorana zero mode. This leads to the two-time corre-
lation as a cosinusoidal oscillation for λ = 0, as we can
see in Fig. 4(a).
Once λ > 0, the probing spin σ0 will couple to not only
the left Majorana zero mode but also others with higher
energy modes in the spin chain, so its energy will also
dissipate to the non-zero continuous modes of the spin
chain. This leads to a non-exponential decay given by
the latter term in Eq. (30). In fact, in the topologically
non-trivial phase (λ < 1), Fig. 4(b) shows that there are
always three localized modes. Therefore, after a short-
time decay, the two-time correlation will reduce to a dis-
sipationless oscillation. As λ increasing, the decay term
will become more and more dominant. When it reaches
to the critical point λ = 1, all the localized modes vanish
(see Fig. 4(b) and Fig. 3). Thus, the dissipationless term
vanishes in Eq. (30), and the spin correlation shows the
maximum decoherence effect.
On the other hand, in the topologically trivial phase
(λ > 1), Fig. 4(b) shows that only one localized mode
occurs at sp = 0. This leads to the two-time correlation
eventually approach to a stationary value (no oscillation).
Furthermore, if λ keeps increasing, the coupling term
ησ0σ1 between the two subsystems in the total Hamil-
tonian becomes relatively weak, which results in the two
subsystems being loosely affected to each other. As a
result, we can see that the dynamics of the two-time cor-
relation becomes more and more stable as λ gets lager
and larger, as shown in Fig. (4(c)).
C. Decoherence dynamics for different spin-spin
chain coupling
Notice that the coupling η between the two subsys-
tems can significantly affect the non-Markovian decoher-
ence dynamics which is fully determined by the density
of states of the spin chain and the coupling between the
probing spin and the spin chain through the spectral den-
sity Eq. (24). In Fig. 5(a), 5(b), and 5(c), we plot the
two-time correlation 〈σz0(t)σz0(t0)〉 with different values
of η for the topologically non-trivial phase (λ = 0), the
critical point (λ = 1), and the topologically trivial phase
(λ = 2), respectively. To understand these different be-
haviors of the correlations in different coupling region,
we plot again the real part of the determinant of U˜−1(s)
with the different corresponding values of η in Fig. 5(d),
5(e), and 5(f). Figure 5(d) shows that for the topologi-
cally non-trivial phase (λ = 0), there exist always three
localized modes, which are independent of the value of η
(except for the trivial case η = 0). The two-time correla-
tion always shows a cosinusoidal oscillation. Figure 5(d)
also shows that the change of η will affect the locations
of the localized modes, which determine the frequencies
of the dissipationless oscillation. Because the stronger
the coupling η is, the easier it is to exchange energy be-
tween the two subsystems and the probing spin is affected
from the topologically non-local state of the spin chain,
the two-time correlation shows the oscillation with the
higher frequency, as shown in Fig. 5(a).
At the critical point (λ = 1), Fig. 5(e) shows that when
η < J , the real part of |U˜−1|(s) vanishes only at s = 0
where the imaginary part has non-zero value (the spectral
density J (0) > 0, see Fig. 3). Hence, there is no pole (lo-
calized mode) in this region, and the two-time correlation
decays to zero monotonically, as a typical Markov pro-
cess. On the other hand, we find from Fig. 5(e) that there
are two localized modes when η > J , and thus the dissi-
pationless oscillation terms get contribution in the two-
time correlation. As a result, the dynamics of the probing
spin σ0 undergoes a transition from a Markovian process
in the weak coupling region to a non-Markovian process
in the strong coupling region, as shown in Fig. 5(b).
For the topologically trivial phase (λ = 2), Fig. 5(f)
show that there is only one localized mode at s = 0 in
the weak coupling region as we mentioned in Fig. 4. But
there are three localized modes in the strong coupling re-
gion. Note that the intersection points located between
2 < |s| < 6 in Fig. 5(f) are not poles because the imag-
inary part of |U˜−1|(s) has non-zero value in this range,
as shown in Fig. 3. In conclusion, the two subsystems
exchange energy in the beginning in the weak coupling
region (η < J), and then they reach the qualitatively dif-
ferent steady states for the different topological phases
of the spin chain. When the coupling η between the
two subsystems gets stronger, the probing spin has to
take longer time to reach the steady state. While, the
two subsystems always maintain energy exchange in the
both phases of the spin chain in the strong coupling re-
gion (η > J). Thus, the topological effect of the spin
chain to the decoherence dynamics of the probing spin
becomes insignificant.
9FIG. 5: (Colour online) The contour plot of the two-time spin-spin correlation 〈σz0(t)σz0(t0)〉 by varying the time t and η/J for
ω0 = 0 with (a)λ = 0, (b)λ = 1, and (c)λ = 2, respectively, and the inverse of the determinant of U˜(s) with different η for
(d)λ = 0, (e)λ = 1, and (f)λ = 2, respectively.
D. Decoherence dynamics for different spin-flip
energy
FIG. 6: (Colour online) The inverse of the determinant of
U˜(s) with different values of ω0 in both phases and different
coupling regions.
In the previous discussion, we only discuss about the
λ < 1 λ = 1 λ > 1
η ≤ J, ω0 = 0 3+0 0+0 1+0
η ≤ J, 0 < ω0 ≤ ω1 3+0 × 2+0
η ≤ J, ω1 < ω0 < ω2 1+0 0+0 0+0
η ≤ J, ω2 ≤ ω0 1+2 0+2 0+2
η > J, ω0 = 0 3+2 0+2 1+2
η > J, 0 < ω0 ≤ ω1 3+2 × 2+2
η > J, ω1 < ω0 1+2 0+2 0+2
TABLE I: The number of localized modes with different values
of ω0, η, and λ.
case that the probing spin σ0 has zero flipping energy
(ω0 = 0), in which the time-dependent coefficients in the
master equation are independent of the correlation Green
function V (t, t), as shown in Eq. (34). In other words, for
ω0 = 0, the decoherence dynamics is independent of the
environmental noise which is associated with the initial
state of the spin chain. To have a further understanding
of the effect of the spin-flip energy ω0 to the decoherence
dynamics of the spin σ0 and the consequence of the ini-
tial dependence of the spin chain, we first plot the real
part of the determinant of U˜−1(s) again for topologi-
cally non-trivial phase, topologically trivial phase, and
critical point in different coupling regions with different
values of ω0 in Fig. 6. Figure 6 shows that the increase
of ω0 always makes the locations of the localized modes
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FIG. 7: (Colour online) The summation of the amplitudes
of all localized modes versus ω0 in each phases and coupling
regions.
away from zero, which may affect the number of local-
ized modes, as listed in Table I. For the localized modes
numbers a + b listed in Table I, a is the number of the
localized modes located between −2|1−λ| < s < 2|1−λ|
and b is that in s < −2(1 + λ) or s > 2(1 + λ). Notice
that these numbers will change when ω0 crosses ω1 or ω2,
where
ω1 =

√
(1− λ)(1− λ− η2(1− 3λ)/2J2) λ < 1√
(λ− 1)(λ− 1 + 2η2/J2) λ ≥ 1
(38a)
ω2 =

√
(1 + λ)(1 + λ− η2(1 + 3λ)/2J2) λ < 1√
(1 + λ)(1 + λ− 2η2/J2) λ ≥ 1
.
(38b)
For special case λ = 1, we have ω1 = 0, and for the
case η = J , we have ω1 = ω2. Moreover, the amplitudes
of the localized modes located in these two regions have
contrast behavior as ω0 increasing. The amplitudes of the
localized modes decrease in the region −2|1 − λ| < s <
2|1− λ|, while they increase in the region s < −2(1 + λ)
or s > 2(1 + λ). This can be seen clearly from Fig. 7
where the summation of the amplitudes of all localized
modes versus ω0 is plotted.
Nevertheless, for ω0 6= 0, the decoherence dynamics
is no longer solely determined by the dissipation from
U(t, t0), but also the fluctuations associated with the
initial states of both the probing spin σ0 and the spin
chain through the correlation Green function V (t, t). To
obtain a more comprehensive physical picture, we plot
the two-time correlation 〈σ0(t)σ0(t0)〉 with different val-
ues of ω0 and different initial states of σ0 for the spin
chain in the topologically non-trivial phase (λ = 1/2),
the critical point (λ = 1), and the topologically trivial
phase (λ = 3), see Fig. 8(a), 8(b), and 8(c), respec-
tively. The results show that if the probing spin σ0 is
initially in the high-energy (spin-down) state, its energy
will be dissipated into the spin chain, and it tends to
decay to the low-energy (spin-up) state. If the probing
spin σ0 is initially in the low-energy state, it exchanges
little energy with the spin chain and most likely remains
in the low-energy state. The larger the value of ω0 is,
the more apparent this phenomenon can be seen in the
region ω0 < ω1, where the localized modes are all located
between −2|1− λ| < s < 2|1− λ|. However, for ω0 > ω2,
the amplitudes of the localized modes become large with
increasing ω0, so that even if the probing spin is in the
high-energy state, it becomes more hardly to dissipate its
energy into the spin chain (see the dashed green lines in
Fig. 8(a) and Fig. 8(b)).
Moreover, for ω0 6= 0, the initial state of the spin chain
also affect on the decoherence dynamics of the probing
spin σ0. The spin chain is assumed initially in thermal
equilibrium state. We plot again the two-time correla-
tion for different phases with the spin chain at initial
finite temperature kBT = 5J in Fig. 8(d), 8(e), and 8(f).
The results show that for the high temperature, the two
diagonal terms of the correlation Green function V11(t, t)
and V22(t, t) are similar. As a result, the two-time cor-
relations of the two initial states become closer to each
other, as shown in Fig. 8(d), 8(e), and 8(f). In other
words, if the spin chain is initially at a relatively high
temperature, the dependence of the non-Markovian de-
coherence dynamics on the initial state of σ0 will dimin-
ish because the thermal fluctuation dominates the non-
Markovian decoherence dynamics.
Putting all the above analyses together, we find that
all the parameters λ , η, and ω0 can induce different num-
ber of the localized modes with different amplitudes and
therefore affect differently the non-Markovian decoher-
ence dynamics associated with the topological states. In
particular, for ω0 = 0 and in the weak coupling region,
the topological phase transition can be significantly man-
ifested in the dissipation dynamics of the probing spin
σ0. In other words, the topological structure of the spin
chain can be observed through the non-Markovian deco-
herence dynamics of the probing spin σ0. On the other
hand, in the strong coupling region, the topological non-
local state is more strongly coupled to the probing spin so
that the topological effect in the non-Markovian dynam-
ics becomes more significant, as shown in Fig. 5. How-
ever, for ω0 6= 0, the noise effect gets involved into the
decoherence dynamics, which is strongly correlated with
the initial state of spin σ0 and the initial temperature of
the spin chain. As a result, the manifestation of the topo-
logical structure of the spin chain on the non-Markovian
decoherence dynamics of the probing spin σ0 is merged.
Hence, we propose the experimental probe of the topolog-
ical structure of the spin chain through the decoherence
dynamics of an external spin σ0 coupling weakly to the
spin chain at low temperature.
11
FIG. 8: (Colour online) The two-time correlation 〈σz0(t)σz0(t0)〉 with different initial states of σ0 and different values of ω0 for
(a)λ = 1/2, (b)λ = 1, (c)λ = 3 at zero temperature and for (d)λ = 1/2, (e)λ = 1, (f)λ = 3 at temperature T = 5J/kB .
V. THE DYNAMICS OF ENTANGLEMENT
ENTROPY
In this section, we study the dynamics of the quan-
tum entanglement. In the static case, the behavior of
the entanglement has a universal character that the en-
tanglement of the system state would be enhanced near
a quantum phase transition and reach the maximum at
the critical point. Therefore, it can be used as an es-
timator of quantum correlations [44] and as a detector
to classify quantum phase transitions [10, 36, 39, 45]. It
is also interesting to see how entanglement developed in
time when the system is far away from the equilibrium
state or ground state. Therefore, we would like to fur-
ther investigate the relation between the entanglement
and quantum phase transitions in the non-equilibrium
region.
The entanglement between the probing spin σ0 and
the spin chain can be characterized by the von Neumann
entropy SA(t) = −Tr[ρA(t) ln ρA(t)]. The reduced den-
sity matrix ρA(t) of the probing spin σ0 that obeys the
master equation Eq. (18) can be expressed as
(ρA)11(t) =V22(t, t) +U12(t, t0)U21(t, t0)〈a†(t0)a(t0)〉
+U11(t, t0)U22(t, t0)〈a(t0)a†(t0)〉 (39a)
(ρA)22(t) =V11(t, t) +U11(t, t0)U22(t, t0)〈a†(t0)a(t0)〉
+U12(t, t0)U21(t, t0)〈a(t0)a†(t0)〉 (39b)
(ρA)12(t) =(ρA)
∗
21(t) = U11(t, t0)〈a(t0)〉
+U12(t, t0)〈a†(t0)〉. (39c)
Moreover, we find that there is a relation between the
entanglement entropy SA(t) and the two-time correlation
〈σz0(t)σz0(t0)〉 if the initial state of σ0 is a pure state,
which is given by
SA(t) = −1− 〈σ
z
0(t)σ
z
0(t0)〉
2
ln
1− 〈σz0(t)σz0(t0)〉
2
−1 + 〈σ
z
0(t)σ
z
0(t0)〉
2
ln
1 + 〈σz0(t)σz0(t0)〉
2
. (40)
We plot SA(t) for ω0 = 0 and η = J with differ-
ent values of λ in Fig. 9(a). In this case, we have
V11(t, t) = V22(t, t), then the entanglement entropy is
independent of the initial state of the spin chain, as we
mentioned in Sec. III. the probing spin σ0 is assumed to
be initially in a pure state. In the beginning, there is
no entanglement between σ0 and the spin chain, and the
entropy SA(t0) equals zero. When t > t0, the probing
spin σ0 begins to entangle with the spin chain due to the
coupling between them so that the entropy SA increases
from 0 in Fig. 9(a). For λ < 1, the entanglement entropy
always keeps oscillating, which means that the probing
spin σ0 and the spin chain never reach the equilibrium
state due to the existence of localized modes [31]. The
maximum value of such entanglement entropy oscillation
is always ln 2, while its lower bound rises as λ increases.
For λ ≥ 1, the probing spin σ0 will reach equilibrium with
the spin chain in the long-time limit, and the entangle-
ment entropy will approach to a stationary value which
decreases as λ increases. Note that the entanglement en-
tropy approaches to ln 2 at λ = 1, in agreement with the
expectation that there is maximum entanglement at the
critical point of topological phase transitions. We fur-
ther plot the entanglement entropy versus λ under the
long-time limit in Fig. 9(b) to see more clearly its close
relation with topological phase transition. Figure 9(b)
shows a qualitative change of the entanglement entropy
when the topological phase transition occurs. It shows
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FIG. 9: (Colour online) (a) The entanglement entropy SA(t)
for ω0 = 0 and η = J with the spin chain varing from the
topologically non-trivial phase (λ < 1) to the topologically
trivial phase (λ > 1). (b) The long-time entanglement en-
tropy versus λ.
that the entanglement entropy can be used to diagnose
topological phase transitions in the non-equilibrium re-
gions.
However, for the case of ω0 6= 0, the entanglement
entropy also depends on the initial states of both the
probing spin σ0 and the spin chain. The entanglement
entropy SA(t) for the spin chain with the zero initial tem-
perature in topologically non-trivial phase λ < 1, critical
point λ = 1, and topologically trivial phase λ > 1 is
presented in Fig. 10(a), 10(b), and 10(c), respectively.
The results show that the different initial states of the
probing spin σ0 induce very different behaviors of the
entanglement entropy, particularly for the high spin-flip
energy ω0. This is because the probing spin σ0 with the
high-energy initial state is more favor to decay than that
with the low-energy initial state. For a small value of
ω0, the probing spin σ0 initially in the low-energy state
tends to remain in the pure initial state, while σ0 which
is initially in the high-energy state tends to decay to the
mixed state. As a result, we can see in Fig. 10 that for
ω0 = 0.5J (red lines) and ω0 = 2J (green lines), the
probing spin σ0 with the low-energy initial state | ↑〉 is
less favor to be entangled with the spin chain, while the
probing spin σ0 with the high-energy initial state | ↓〉 is
more favor to entangle with the spin chain.
On the other hand, for a larger value of ω0, the prob-
ing spin σ0 initially in the low-energy state still remains
in its initial state, while the spin initially in the high-
energy state tends to decay to the low-energy state. In
both cases, the probing spin σ0 tends to evolve toward
the pure state so that the probing spin σ0 and the spin
chain are less entangled, as we can see from the result
of ω0 = 5J (yellow line) in Fig. 10. More importantly,
we can see in Fig. 10 that for ω0 6= 0, the critical point
does not always has the maximum entanglement, i.e., the
enhancement of the entanglement near the critical region
is suppressed in this case. We also plot the entanglement
entropy in different phases with the initial temperature of
the spin chain kBT = 5J in Fig. 10(d), 10(e), and 10(f).
The results show that the dependence of the initial state
of σ0 also diminish in the high temperature due to the
thermal fluctuation. Meanwhile, the thermal fluctuation
makes the entanglement entropy increase, particularly for
the high-energy initial state | ↓〉 of σ0. These results for
ω0 6= 0 show that the relation between the entanglement
entropy and topological phase transition is less obvious
due to the initial state dependence and the thermal ef-
fect. Therefore, we find again that to properly probe the
relation between the entanglement and topological phase
transitions through the probing spin, it is crucial to con-
trol the flip-energy of the probing spin σ0 small and make
the spin chain at low temperature.
VI. CONCLUSION AND PERSPECTIVE
The energy eigenfunctions of the conventional
transverse-field Ising model, or the equivalent Kitaev
model, cannot be analytically solved with the free end
boundary condition even though in principle it is exactly
solvable. We introduce a modified transverse-field Ising
chain with zero local transverse field at the last site of
the spin chain (hN = 0) such that the model becomes
analytically solvable. Its spectrum as well as its ground
state wavefunction distribution with those of the ordi-
nary transverse-field Ising model are comparable but are
also distinguishable. We show that different from the
ground states of the original spin model which has zero
energy only for λ < 1 for large N , the two-fold degenerate
zero energy ground states (zero modes) always exists in
the modified transverse-field Ising model for all the val-
ues of λ, but the modified model still has the topological
phase transition at λ = 1, namely the zero energy ground
state wavefunctions have different topological properties
for λ < 1 and λ > 1, which cannot be seen obviously
in its spectrum. We also prove that the phase transition
is associated with the change of the topological winding
number of the ground state wavefunctions. Moreover,
in the modified model, the results of the ground state
wavefunction distributions indicate that the right Ma-
jorana zero mode is always located at the right end of
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FIG. 10: (Colour online) The entanglement entropy SA with different initial states of σ0 and different values of ω0 for (a)λ = 1/2,
(b)λ = 1, (c)λ = 3 in zero temperature and for (d)λ = 1/2, (e)λ = 1, (f)λ = 3 in temperature T = 5J/kB .
the spin chain because hN = 0. The distribution of the
left Majorana zero mode is the same as that of the or-
dinary model for λ < 1 so that the two Majorana zero
modes are non-locally separated (topologically nontriv-
ial). While for λ > 1 the left Majorana zero mode in the
modified model moves to the right-hand side and even-
tually merges with the right Majorana zero mode such
that the zero energy Majorana modes become topologi-
cally trivial.
We then propose a scheme to measure the topological
structure of the modified spin chain through the non-
Markovian decoherence dynamics of a probing spin in
the real-time domain by coupling the probing spin to the
spin chain. We derive the exact master equation of a
probing spin and analyzed in detail its non-Markovian
decoherence dynamics by studying the two-time correla-
tion function 〈σz0(t)σz0(t0)〉. We find that
(i) in the topologically non-trivial phase, the topolog-
ical non-local property induces different localized
modes in comparison with the case in the topolog-
ically trivial phase. These localized modes qualita-
tively change the non-Markovian decoherence dy-
namics of the probing spin so that the topological
structure of the transverse-field Ising chain is man-
ifested.
(ii) The coupling η between the probing spin and the
the spin chain, and the flipping energy ω0 of the
probing spin also affect the non-Markovian deco-
herence dynamics. For strong coupling η, the non-
Markovian oscillation is dominant in both phases
so that the manifestation of the topological phase
transition in the non-Markovian decoherence dy-
namics of the probing spin becomes weak. While
for large spin-flip energy ω0, the manifestation of
topological and non-topological phases is also sup-
pressed due to the noise effects associated with the
initial state of the probing spin and the tempera-
ture of the spin chain.
(iii) The dynamical entanglement entropy can be ex-
pressed in the two-time correlation 〈σz0(t)σz0(t0)〉 so
that the entanglement entropy between the prob-
ing spin and the spin chain can characterize the
topological phase transition, which is equivalent to
the description of the decoherence dynamics of the
probing spin, but the later description may be more
feasible for experimental realization.
As a result, the topological properties of the transverse-
field Ising model can be probed through the non-
Markovian decoherence dynamics of a probing spin
weakly coupling to it, and the dynamical phase transi-
tion can be also explored in terms of the dynamical en-
tanglement entropy, as long as one keeps the probing spin
with a small spin-flip energy and the spin chain at a low
temperature.
The results presented in this work provides indeed a
general way to experimentally measure topological prop-
erties and dynamical phase transitions in many-body sys-
tems in the real-time domain, The decoherence prop-
erties of the probing spin can manifest the topological
structure and dynamical phase transition of a many-
body system because the decoherence dynamics of the
probing particle is fully determined by the spectral den-
sity J(ω) = 2piρ(ω)|V (ω)|2 which contains all of the
information of the many-body spectra and many-body
eigenfunction distributions through the density of state
ρ(ω) and the coupling amplitude V (ω) between the prob-
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ing spin and the many-body system. Current measure-
ment of topological states are mainly carried out us-
ing surface-sensitive angle-resolved photoemission spec-
troscopy (ARPES) for directly observing surface states
or the scanning tunneling microscope (STM) to visualize
surface states in terms of the quasi-particle interference
pattern in the energy domain. The decoherence dynam-
ics of the probing spin can be experimentally measured
with the time-domain single-spin Ramsey interferome-
try or spin echo technique. Furthermore, controllable
coupling between the probing spin and many-body sys-
tems also serves as an alternative realization of the dy-
namical quench for the study of nonequilibrium dynam-
ics of many-body systems, in particular the dynamical
quantum phase transition. Therefore, one can measure
topological properties and dynamical phase transitions
in many-body systems in the real-time domain, in terms
of single probing particle measurement, which should be
more flexible in comparison with real-time many-body
measurements.
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Appendix A
We rewrite the Hamiltonian of the transverse-field
Ising chain with an arbitrary magnetic field at the last
site (hN = h
′) in the matrix form
HB =
N∑
i,j=1
(c†iAijcj + c
†
iBijc
†
j + h.c.), (A1)
where Aii = −h, Aii+1 = Ai+1i = Bii+1 = −Bi+1i =
−J/2 for i < N , ANN = h′ and all others are zero.
If Eq. (5) holds, then we have
[bk, HB ] = kbk, (A2)
which gives

kuki =
N∑
j=1
(ukjAji − vkjBji)
kvki =
N∑
j=1
(ukjBji − vkjAji)
. (A3)
By introduce (Φk)i = uki + vki and (Ψk)i = uki − vki,
Eq. (A3) can be simplified as Φk(A−B) = kΨkΨk(A+B) = kΦk (A4)
⇒
 Φk(A−B)(A+B) = 
2
kΦk
Ψk(A+B)(A−B) = 2kΨk
, (A5)
where the relevant matrices
(A+B)(A−B) =
J2

λ2 + 1 λ 0 · · · 0 0
λ λ2 + 1 λ · · · 0 0
0 λ λ2 + 1 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · λ2 + 1 λ′
0 0 0 · · · λ′ λ′2

(A6a)
and
(A−B)(A+B) =
J2

λ2 λ 0 · · · 0 0
λ λ2 + 1 λ · · · 0 0
0 λ λ2 + 1 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · λ2 + 1 λ
0 0 0 · · · λ λ′2 + 1

. (A6b)
These matrices have the eigenenergies
2q = J
2(1 + λ2 − 2λ cos q), (A7)
where all the normal modes q are determined by the fol-
lowing transcendental equation,
−λ′ sin[q(N − 1)] = (1 + λ2 − 2λ cos q − λ′2) sin(Nq).
(A8)
Specifically, we have the following solutions:
(i). For the case λ′ = λ, Eq. (A8) can be reduced to
sin(qN) = λ sin[q(N + 1)], (A9)
which determines all the normal modes q. For λ ≥ 1,
there are N real roots, exhausting the normal modes.
For λ < 1, there are N − 1 real roots and one imaginary
root, as shown in Ref. [1, 2].
(ii). In our case λ′ = 0 (the modified model), Eq. (A8)
is simply reduced to
(1 + λ2 − 2λ cos q) sin(qN) = 0, (A10)
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which gives a set of N − 1 solutions for sin(qN) = 0, i.e.
qk =
kpi
N
, k = 1, 2, · · · , N − 1 (A11)
and a special solution corresponding to the zero eigen-
value determined by
(1 + λ2 − 2λ cos q0) = 0 (A12)
for arbitrary λ value.
(iii). Note that this solution is also different from the
transverse-field Ising model with period boundary condi-
tion. For the period boundary condition, we have the ad-
ditional matrix element A1N = AN1 = B1N = −BN1 =
−J/2. Then, the eigenenergies is still given by Eq. (A7)
but the normal modes are simply determined by
sin
qN
2
= 0. (A13)
This gives all the N normal modes:
qk =
2pik
N
, k = 0, 1, 2, · · · , N − 1. (A14)
in which the zero energy mode corresponds to k = 0 only
for λ = 1. For other λ 6= 1, k 6= 0 for k = 0. It shows
that the zero energy mode in three different cases are
very different.
Now we focus on our modified model (hN = 0). For
k 6= 0, Ψk and Φk can be solved respectively from the
two matrices by Eq. (A5)
(Ψk)j = αk sin
jkpi
N
(A15a)
(Φk)j = −βk J
k
{
sin
[
(j − 1)kpi
N
]
+ λ sin
jkpi
N
}
,
(A15b)
and then we can obtain the wavefunctions for the non-
zero-energy bogoliubons ukj = [(Φk)j + (Ψk)j ]/2 and
vkj = [(Φk)j − (Ψk)j ]/2, shown as Eq.( 7). The two
constants αk and βk are determined by Eq. (A4) and
the commutation relation {bk, b†k} = 1, and the result is
αk = βk = 2Nk, where Nk is shown in Eq. (9a).
For  = 0, the eigenvectors of the two matrices are
(Ψk0)j = α0δj,N (A16a)
(Φk0)j = β0(−λ)j−1. (A16b)
The two constants α0 and β0 is determined by the com-
mutation relations {b0, b†0} = 1 and {b0, b0} = {b†0, b†0} =
0 which yield
1
2
N∑
j=1
[(Φk0)
2
j + (Ψk0)
2
j ] = 1
1
2
N∑
j=1
[(Φk0)
2
j − (Ψk0)2j ] = 0
, (A17)
and the results are α0 = 1 and β0 = 2Nk0 , where Nk0 is
shown in Eq. (9b). Thus it is easy to obtain the wave-
function for the zero-energy bogoliubon uk0j and vk0j ,
shown as Eq. (8).
Appendix B
We begin with Eq. (17) to derive the master equation.
After integrating over all the degrees of freedom of the
spin chain by path integral approach, we obtain the exact
form of the propagating function
K(ξ∗f , ξ′f , t|ξ0,ξ′∗0 , t0)
= N (t) exp
[ (
ξ∗f ξ
′
f
)
J1(t, t0)
(
ξ0
ξ′∗0
)
+
(
ξ∗f ξ
′
f
)
J2(t, t0)
(
ξ′f
ξ∗f
)
+
(
ξ′∗0 ξ0
)
J3(t, t0)
(
ξ0
ξ′∗0
)
+
(
ξ′∗0 ξ0
)
J†1 (t, t0)
(
ξ′f
ξ′∗f
)]
, (B1)
where N (t) is the normalization constant and J1(t, t0),
J2(t, t0), and J3(t, t0) are functions of the U(t, t0) and
V (t, t), and their exact formulas are given in Ref. [35]].
After substituting Eq. (B1) into Eq. (17) and taking
the time derivative on both sides, we have
〈ξf |ρ˙A(t)|ξ′f 〉 = N (t)
∫
dµ(ξ0)dµ(ξ
′
0)〈ξ0|ρA|ξ′0〉K(ξ∗f , ξ′f , t|ξ0, ξ′∗0 , t0)
[ ˙N (t)
N (t) +
(
ξ∗f ξ
′
f
)
J˙1(t, t0)
(
ξ0
ξ′∗0
)
+
(
ξ∗f ξ
′
f
)
J˙2(t, t0)
(
ξ′f
ξ∗f
)
+
(
ξ′∗0 ξ0
)
J˙3(t, t0)
(
ξ0
ξ′∗0
)
+
(
ξ′∗0 ξ0
)
J˙†1 (t, t0)
(
ξ′f
ξ′∗f
)]
. (B2)
The propagator K(ξ∗f , ξ′f , t|ξ0, ξ′∗0 , t0) acting on the Grass-
mann numbers ξ′∗0 , ξ0 of the initial state can be trans-
ferred into functions which only depend on the Grass-
mann numbers ξ′f , ξ
∗
f of the state at time t. Then
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Eq. (B2) becomes
〈ξf |ρ˙A(t)|ξ′f 〉 = 〈ξf |ρA(t)|ξ′f 〉
[N˙ (t)
N (t) +A(t) +B(t)ξ
∗
fξ
′
f
+ C(t)ξ∗f
∂
∂ξ′f
+D(t)ξ∗f
∂
∂ξ∗f
+ E(t)ξ′f
∂
∂ξ′f
+ F (t)ξ′f
∂
∂ξ∗f
+G(t)
∂
∂ξ∗f
∂
∂ξ′f
]
, (B3)
where
A =
µ˙3(ν2)
2
|µ1|2 − |ν1|2 (B4a)
B =
2ν2(−µ˙1µ∗1 + ν˙1ν∗1 )− ν˙3(ν2)2
|µ1|2 − |ν1|2 + ν˙2 (B4b)
C = −F ∗ = −ν˙1µ1 + µ˙1ν1|µ1|2 − |ν1|2 (B4c)
D = E =
µ˙1µ
∗
1 − ν˙1ν∗1 + ν˙3ν2
|µ1|2 − |ν1|2 (B4d)
G =
−ν˙3
|µ1|2 − |ν1|2 (B4e)
and
νi(t, t0) = [Ji(t, t0)]11 − [J†i (t, t0)]22 (B5a)
µi(t, t0) = [Ji(t, t0)]12 − [Ji(t, t0)]21. (B5b)
According to the three constraints: Tr ρA = 1, a
†a† =
aa = 0, and the eigenenergies of A are symmetric in
sign, Eq. (B4) can be reduced to
A =− N˙ (t)N (t) (B6)
B =V˙11(t)− [U˙(t, t0)U−1(t, t0)V (t, t) +H.c.]11 (B7)
C =− F ∗ = [U˙(t, t0)U−1(t, t0)]12 (B8)
D =E = V˙11(t)− [U˙(t, t0)U−1(t, t0)V (t, t) +H.c.]11
+ [U−1(t, t0)U˙(t, t0)]
†
11 (B9)
G =V˙11(t)− [U˙(t, t0)U−1(t, t0)(V (t, t) + I) +H.c.]11.
(B10)
Then using the D-algebra of the creation and annihilation
operators, we obtain the exact master equation.
ρ˙A(t) = −i[(t)a†a, ρA(t)]
+γ(t)[2aρA(t)a
† − a†aρA(t)− ρA(t)a†a]
+γ˜(t)[a†ρA(t)σ−0 − aρA(t)a† + a†aρA(t)
− ρA(t)aa†]
+Λ(t)a†ρA(t)a† + Λ∗(t)aρA(t)a, (B11)
The time-dependent dissipation and fluctuation coeffi-
cients in the master equation are
(t) =i
[
D(t)− B(t) +G(t)
2
]
=
i
2
[U˙(t, t0)U
−1(t, t0)−H.c]11. (B12a)
γ(t) =
G(t)−B(t)
2
=− 1
2
[U˙(t, t0)U
−1(t, t0) +H.c]11, (B12b)
γ˜(t) =B(t)
=V˙11(t)− [U˙(t, t0)U−1(t, t0)V (t, t) +H.c.]11,
(B12c)
Λ(t) =− C(t)
=− [U˙(t, t0)U−1(t, t0)]12, (B12d)
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